We studied pure state transformations using local operations assisted by finitely many rounds of classical communication (LOCC I N ) in C. Spee, J.I. de Vicente, D. Sauerwein, B. Kraus, arXiv:1606.04418 (2016. Here, we first of all present the details of some of the proofs and generalize the construction of examples of state transformations via LOCC I N which require a probabilistic step. However, we also present explicit examples of SLOCC classes where any separable transformation can be realized by a protocol in which each step is deterministic (all-det-LOCC I N ). Such transformations can be considered as natural generalizations of bipartite transformations. Furthermore, we provide examples of pure state transformations which are possible via separable transformations, but not via LOCC I N . We also analyze an interesting genuinely multipartite effect which we call locking or unlocking the power of other parties. This means that one party can prevent or enable the implementation of LOCC transformations by other parties. Moreover, we investigate the maximally entangled set restricted to LOCC I N and show how easily computable bounds on some entanglement measures can be derived by restricting to LOCC I N .
I. INTRODUCTION
Quantum information theory has been successfully developed in the last decades and has shown that the nonclassical features of quantum mechanics can be used to realize revolutionary technologies [1] . These very promising applications include quantum communication, computation and simulation. Entanglement plays a crucial role in these quantum advantages, which has led to the development of entanglement theory [2] . This theory studies the properties of entangled states and aims at understanding the ultimate possibilities and limitations of these states as a resource. However, while bipartite entanglement is fairly well understood, much more questions remain open in the multipartite realm. Although a handful of tasks have been already identified in this context, such as measurement-based quantum computation [3] , metrology [4] or secret-sharing [5] , a deeper understanding of the complex structure of multipartite entangled states and of the fundamental protocols for their manipulation seems indispensable in order to find new truly multipartite applications of quantum information theory. Moreover, the entanglement properties of multipartite states are actively being exploited for the study of condensed-matter systems like, for example, in phase transitions [6] or to devise numerical methods [7] .
The concept of transformations implementable by local operations assisted by classical communication (LOCC) plays a central role in entanglement theory [2] . First of all, this is because, entanglement being a property of systems with many constituents, this is the most general form of manipulation for distant parties (that only share classical channels). Each party can implement locally any form of quantum dynamics, i.e. a completely positive map. However, the particular map to be implemented may depend on the outcomes of previous measurements carried out by other parties, an information that can be shared through the use of classical communication. Thus, LOCC protocols are made out of sequential rounds in which a given party implements locally a completely positive map via a quantum measurement using a particular Kraus decomposition and informs the others of the outcome of such measurement, which conditions the subsequent measurements to be carried out. With this, LOCC transformations provide the basis for all possible protocols for the manipulation of entangled states and, therefore, characterize the ultimate potential of quantum states for implementing quantum information tasks. Second and most importantly, entanglement theory is a resource theory where the free operations are those which can be realized precisely via LOCC. This means that LOCC convertibility induces the only operationally meaningful ordering in the set of entangled states. If ρ can be transformed into σ by LOCC, then ρ is at least as useful as σ, as any application of the latter can be achieved by the former but not necessarily the other way around. This is because if the parties are provided with ρ, they can transform it to σ at no cost and then carry on with the protocol. Thus, the study of LOCC transformations reveals the relative usefulness of the different quantum states and underpins the quantification of entanglement. Entanglement measures must be quantities that respect this ordering, i.e. that do not increase under these transformations [2] .
Unfortunately, it turns out that the structure of LOCC maps is mathematically very subtle [8] . Remarkably, it has been shown that there exist transformations involving ensembles of states that require infinitely many rounds of classical communication [9] . This result shows that the very intricate structure of successive rounds cannot be simplified a priori in the study of general protocols. These difficulties have led to consider the larger class of separable (SEP) maps [10] . This set is strictly larger than LOCC [11] and does not have any known operational in-terpretation but is mathematically more tractable. Thus, convertibility under SEP operations is a necessary condition for LOCC convertibility. Notwithstanding, there are certain situations in which it is enough to consider simple LOCC protocols to characterize LOCC convertibility. Reference [12] has shown that for transformations among pure bipartite states it suffices to consider protocols with one round of classical communication. That is, it is enough that one party implements a quantum measurement upon whose result the other party only needs to implement a local unitary (LU) transformation. Interestingly, this simplification allowed to characterize all LOCC transformations among pure bipartite states [13] . Moreover, it was later shown that in this setting SEP transformations are exactly as powerful as LOCC [14] . Recent works have studied LOCC convertibility among pure multipartite states in the simplest possible settings of 3-qubit, 4-qubit and 3-qutrit states [15] [16] [17] [18] [19] [20] . The techniques some of us have used there is to use the results of [21] to characterize convertibility under SEP. Then, one can usually see that the possible SEP transformations can be indeed implemented by simple LOCC protocols that extend naturally those which are sufficient in the bipartite case. All possible LOCC transformations among pure states identified so far fall into this category that we call all-deterministic LOCC I N (all-det-LOCC I N ). These are protocols in which every round is deterministic. That is, upon every non-trivial measurement carried out by a party, the remaining parties can implement LUs conditioned on the outcome in such a way that at the end of the round one has the same state independently of the outcome of the measurement. This implies that every intermediate step in the protocol is a deterministic LOCC transformation as well. This extends the bipartite protocols with the only difference that in this case more parties might implement non-trivial measurements. Given these results, it would be tempting to conjecture that it suffices to consider all-det-LOCC I N protocols to characterize LOCC transformations among pure multipartite states, which could allow to solve this problem completely as it happened in the bipartite case. Still, it is worth mentioning that, contrary to the bipartite case, SEP transformations among pure multipartite states (3-qutrit states) have been identified that cannot be implemented by LOCC [20] . Some conditions that can allow to decide when a SEP protocol is implementable by LOCC have been derived in [22] and references therein.
In [23] , to which this article is the companion, we have studied LOCC transformations among pure multipartite states with finitely many rounds of classical communication. We call these protocols LOCC I N . First, this is a more realistic scenario of protocols implementable in practice. Second, this is the natural approach to complement our previous efforts that relied on SEP. While SEP approximates the set of LOCC maps from the outside, LOCC I N considers a very general set of protocols that approximate LOCC maps from the inside. Actually, it is not even known if infinite-round LOCC protocols are strictly more powerful than LOCC I N for pure-state manipulation. Moreover, we provide for the first time general techniques to address convertibility under this very general class of LOCC maps. The key observation in this case is that all LOCC I N protocols must terminate and, hence, every branch of the LOCC protocol has to finish with a deterministic measurement by one party. This puts severe constraints on the possible transformations as we have shown in [23] . Interestingly, our techniques apply to a very general class of multipartite states of arbitrary dimensions and arbitrary number of subsystems. In particular, it has been shown that almost every nqubit state (n > 3) [24] and almost all three-qutrit states [20] belong to this class.
In Sec. II we give a detailed outline of this paper and concisely summarize our results. On the one hand, we provide full proofs of many results outlined in [23] and on the other hand, we generalize and extend the analyis of LOCC I N transformations of pure states. In particular, we present general results on these transformations and analyze a genuinely multipartite phenomenon which we called locking and unlocking the power of others in [23] . Moreover, we investigate the maximally entangled set (MES) [17] if restricted to LOCC I N and derive easily computable bounds on certain entanglement measures. Furthermore, we identify classes of states where any pure state transformation within SEP can be realized by LOCC via an all-det-LOCC I N protocol. In contrast to that, we provide a general construction of state transformations that show that all-det-LOCC I N protocols are not sufficient to implement any LOCC I N pure state transformation.
II. OUTLINE AND RESULTS

We investigate LOCC I
N transformations among truly n-partite entangled pure states |Ψ , |Φ ∈ I C d1 ⊗ . . . ⊗ I C dn whose single-subsystem reduced states have full rank. We consider states that are elements of the same stochastic LOCC (SLOCC) class, represented by a state |Ψ s . Moreover, we consider SLOCC classes for which the local stabilizer of |Ψ s , i.e. the set of all local invertible matrices S = S (1) ⊗ . . . ⊗ S (n) for which S |Ψ s = |Ψ s , contains only finitely many elements (see Sec. III for details). These classes include, e.g., almost all three-qutrit and almost all n-qubit states, for n > 3. We call a state |Φ reachable via LOCC I N , in short LOCC I N -reachable, if there is a (LU-inequivalent) state |Ψ from which |Φ can be obtained via LOCC I N . In [23] we provided a very simple characterization of all LOCC I N -reachable states (see also Sec. IV A). A particularly simple class of LOCC I N protocols are all-det-LOCC I N . There, in the first step (round) e.g. A performs a measurement and the other parties apply, depending on the measurement outcome LUs to transform the initial state, |Ψ into a state |Ψ 1 deterministically. In the second step e.g. B applies a measurement (and the other parties LUs) to transform |Ψ 1 into |Ψ 2 , etc. The protocol proceeds in this way until the final state is reached. That is, in each step a deterministic transformation is realized. As mentioned before, all previously identified pure state transformations are (up to our knowledge) of this simple form. Moreover, in the bipartite setting, any transformation can be realized by a all-det-LOCC I N . In fact, for pure state transformations we have in the bipartite case that all − det − LOCC I N = LOCC I N = LOCC = SEP . However, in the multiparite setting this simple relations change to all − det − LOCC I N LOCC I N ⊆ LOCC SEP , highlighting the difference between bipartite and multipartite entanglement. The inequivalence between LOCC and SEP has been shown in [20] , whereas the fact that not any LOCC I N is of the simple form of a all-det-LOCC I N is shown in [23] . Here, apart from providing the detailed proofs of the results presented in [23] , we also present a general method of constructing examples of pure state transformations for which more sophisticated LOCC I N protocols are required than alldet-LOCC I
N . Moreover, we analyze important features which only occur in the multipartite setting, characterize important sets of states and derive bounds on certain entanglement measures using the characterization of LOCC I N -reachable states. Below we list and explain the results presented here in more detail.
a. States reachable via LOCC I N (Sec. IV A) We first review the characterization of LOCC I Nreachable states (Theorem 1) in SLOCC classes with finite stabilizer given in [23] . A corollary of Theorem 1 stated in [23] is that almost no n-qubit state (n > 3) is reachable via LOCC I N . In Sec. IV A of this work we present a detailed proof of this result. We then use Theorem 1 to find an example of a four-qubit state transformation that can be implemented via SEP, but not via LOCC I N . This shows that the result of [18] that LOCC I N = SEP for generic four-qubit states does not generalize to all four-qubit states.
b. States convertible via all-det-LOCC I N (Sec. IV B) All-det-LOCC I N protocols are considerably more structured than general LOCC protocols. Yet, all LOCC transformations among pure multipartite (and bipartite) states, that we are aware of, can also be performed via an all-det-LOCC I N protocol. In [23] we gave a characterization of all-det-LOCC I N transformations within SLOCC classes with finite stabilizer. In IV A of this work we provide a full analysis of these results and provide rigorous proofs thereof. We analyze an interesting genuinely multipartite effect that we have only briefly outlined in [23] : locking and unlocking the power of other parties. This means that one party, i, can prevent or enable the transformation of a pure state via a one-round all-det-LOCC I N protocol in which only one party, j, acts nontrivially. That is, party i can prevent or enable party j to start an all-det-LOCC I N transformation. We investigate under which conditions these phenomena can occur. Moreover, we provide explicit examples of unlocking the power. We also show that there are classes of states in which unlocking is not possible and provide explicit examples thereof.
d. The Maximally entangled set under LOCC I N (Sec. V) In [17] the concept of the maximally entangled set (MES) has been introduced, which can be considered as the natural generalization of the maximally entangled state. The MES is defined as the minimal set of states of a quantum system from which all other truly n-partite entangled pure states can be obtained deterministically via LOCC. While the bipartite MES contains (up to LUs) only the maximally entangled state, it can contain infinitely many states and even be of full measure [17] in the multipartite case. In Sec. V we analyze the MES if the set of operations is restricted to LOCC I N . Moreover, we use the characterization of all-det-LOCC I N to identify all states in the MES restricted to LOCC I N that are convertible via all-det-LOCC I N protocols to an LU-inequivalent state.
e. Estimation of entanglement measures (Sec. V) In [29] two operational entanglement measures have been introduced, the source and the accessible entanglement. The former characterizes the difficulty of generating the state at hand, and the latter the potentiality of a state to generate other states via LOCC. In this work, we show that one can define similar functions that quantify the resourcefulness of a quantum state under all-det-LOCC I N . Clearly, the difficulty of generating a state via all-det-LOCC I N is at least as high as via LOCC as all-det-LOCC I N ⊆ LOCC. Similarily, the potentiality of a state to generate other states via all-det-LOCC I N is at most as high as via LOCC. In Sec. V we use these insights in combination with our characterization of all-det-LOCC I N to derive bounds on the accessible and the source entanglement.
f. Examples of SLOCC classes where all-det-LOCC I N protocols are sufficient (Sec. VI) As explained above, it holds that all − det − LOCC I N LOCC I N ⊆ LOCC SEP . However, in Sec. VI we explicitly construct SLOCC classes of 2 m -qubit states (m ≥ 2) for which all − det − LOCC I N = SEP holds. Hence, all LOCC transformations within these classes can be characterized using the results on all-det-LOCC I N of Sec. IV B. For example, this makes it easy to derive entanglement measures for pure states for these classes, as we explain in Sec. VI.
g. All-det-LOCC I N protocols are not sufficient for LOCC I N pure-state transformations (Sec. VII)
As mentioned before, all LOCC transformations of multipartite pure states (including the bipartite case) that have, to our knowledge, been identified so far, can be realised by a relatively simple all-det-LOCC I N protocol. However, in [23] we have shown that this is not always the case, i.e. that all − det− LOCC I N LOCC I N . More precisely, we have considered a particular example of a pure state transformation that can be performed via LOCC I N but requires a non-deterministic intermediate step, and hence cannot be performed via all-det-LOCC I N . In Sec. VII of this work we discuss a general construction that allows to obtain such examples. These results show that the transformation of multipartite entanglement can require LOCC protocols that are more sophisticated than the bipartite protocols. Moreover, it shows again that a characterization of all multipartite LOCC transformations is very complex and may stay elusive.
III. PRELIMINARIES
We consider transformations among pure truly npartite entangled states of the same dimensions. That is, both the input and target state fulfill |Ψ , |Φ ∈ I C d1 ⊗. . .⊗I C dn ≡ H = ⊗ i H i (with d i denoting the dimension of subsystem i) and are entangled in the same dimensions, i.e. the single-subsystem reduced density matrices have full rank. Moreover, we consider states in the same stochastic LOCC (SLOCC) class [25] , which means that there exist invertible matrices A i for i ∈ {1, . . . , n} such that |Ψ ∝ A 1 ⊗ . . . ⊗ A n |Φ .
Any trace-preserving completely positive map Λ acting on states ρ on H admits a Kraus representation
where the Kraus operators {X i } fulfill the normalization condition i X † i X i = 1l. Rather than maps we usually refer to quantum measurements represented by the positive-operator valued measure (POVM) elements {X † i X i }. The map Λ is said to be SEP if all the (properly normalized) Kraus operators are product operators on H, i.e.
where X 
where the order of the product in k is from right to left. This means that the action of the parties at each round k of the protocol (i.e. the corresponding map to be implemented) depends on the previous indices {i j } j<k . Moreover, the party or parties, s, that act non-unitarily in round k depend as well on {i j } j≤k , i.e. s = s({i j } j≤k ) (which we do not explicitly write to ease the notation) [33] . These parties have to implement a proper POVM and, hence, the normalization
has to hold at every branch of the protocol corresponding to the round k (i.e. for all values of {i j } such that j < k).
The round finishes by the remaining parties implementing a unitary transformation U
determined not only by all previous indices {i j } j<k but also by the outcome at the present round i k . We say that a transformation from |Ψ to |Φ can be implemented by SEP or LOCC I N whenever there exist maps as specified above such that Λ(|Ψ Ψ|) = |Φ Φ|. Notice that LU transformations,
are invertible LOCC transformations that are always possible and do not change the entanglement of a state. Thus, we only consider transformations among different LU-equivalence classes even if we refer to states. In this way, whenever there exist (SEP or LOCC I N ) protocols such that Λ(|Ψ Ψ|) = |Φ Φ| and the states are not LU-equivalent we say that the state |Ψ is convertible and the state |Φ is reachable (by SEP or LOCC I N ). The general class of multipartite states that we are going to consider here is given by the following condition. They belong to an SLOCC class such that it has a representative |Ψ s that has a finite local stabilizer group [21] . The local stabilizer of a state |Ψ s , S Ψs , is the group of all product invertible matrices S such that
It has been moreover shown in [21] that if the stabilizer is finite, one can always find a representative of the class |Ψ s such that all elements of the stabilizer (which we also call symmetries) correspond to LUs. Thus, without loss of generality, we always consider this to be the case. Every state which is in the same SLOCC class as |Ψ s can then be written (ignoring normalization) as g |Ψ s ,
Obviously, the operator g is not unique for a given LU-equivalence class. For this reason, we consider the positive operators
With this, the operator G is uniquely given by the LU-equivalence class up to conjugation by elements of the stabilizer group S † k GS k . Without loss of generality, the normalization of the states is chosen such that the operators {G i } have all unit trace. In the particular case of n-qubit states, to refer to the states we often use the I R 3 vectors {g i } arising from the Bloch representation
where σ = (σ 1 , σ 2 , σ 3 ) and {σ i } represent the Pauli matrices (we also use σ 0 = 1l). Notice that it must hold that ||g i || < 1/2 ∀i in order to guarantee the positiveness of
Let us also review here the results of [21] that characterize SEP conversions among pure states. Whenever we study a transformation inside a given SLOCC class, we always denote by g |Ψ s the initial state and by h |Ψ s the final state (the operators {H i } and vectors {h i } are given on the analogy to the above definitions). A transformation by SEP among pure states in an SLOCC class with unitary stabilizer group S Ψs is possible if and only if (iff) there exists a probability distribution {p k } over the finite set of symmetries such that
This shows the fundamental role played by the stabilizer group in this context. The intuition behind this result is that the only way to obtain a SEP map such that
is that the Kraus operators (as given by Eqs. (1)- (2)) fulfill
for some symmetries {S k } ∈ S Ψs . Equation (8) ensures then the proper normalization of the map. Notice that the set of operators H which can be reached by SEP from G is convex. That is, the states which are reachable from a state g |Ψ s are defined by the convex set
To conclude this preliminary section let us discuss the generality of the states considered here, i.e. those that belong to an SLOCC class with finite (and hence unitary) stabilizer. First of all, it has been shown that generic n-qubit states with n > 3 belong to SLOCC classes with this property [24] . In the more general case of multiqudit states some of the SLOCC classes also possess a representative which has only finitely many local symmetries. Moreover, as for instance in the case of 3-qutrit states, the union of these SLOCC classes can be generic too [26] . Notwithstanding, considering arbitrary SLOCC classes, it should be stressed that it is not clear, even if the stabilizer is known to be finite, whether it is the case that there exist non-trivial symmetries beyond S = 1l. For SLOCC classes with a trivial stabilizer the aforementioned result on SEP convertibility allows to prove that no SEP (and, therefore, no LOCC) conversion is possible among pure states. Thus, besides the known examples of 4-qubit and 3-qutrit states in Sec. VI we provide more examples of SLOCC classes for 2 m -qubit states (m ≥ 2) that have a non-trivial finite stabilizer.
IV. GENERAL RESULTS ON CONVERTIBILITY UNDER LOCC I N
To start, we review the results on LOCC I Nconvertibility presented in the companion paper [23] and we present fully-detailed proofs of claims outlined therein. We also discuss more extensively the implications of some of these investigations and provide explicit examples for the phenomenon that the action of one party can allow or prevent another party to implement a deterministic transformation.
A. Reachable states
One of our main results in [23] is to characterize all reachable states via LOCC I N in the considered SLOCC classes as it is stated in the following theorem.
N , iff there exists S ∈ S Ψs and a j ∈ {1, . . . , n} such that:
The proof of this theorem is given in [23] . The idea behind it is somehow similar to the intuition given above on the condition under SEP. Since the protocol contains a finite number of rounds, in every branch there must exist a last measurement by one party that maps deterministically the state in this branch to the target state so that the process terminates. If we denote this second-to-last state in one branch by g |Ψ s , the measuring party, say j, can only implement a POVM with local measurement operators
, which requires condition (ii). The fact that the other parties can map by LUs the different outcomes to the final state requires condition (i).
Theorem 1 easily reveals whether a state is reachable or not once the unitary stabilizer S Ψs is determined. In [19, 20] we have provided general means to achieve this task. Moreover, as we discuss below our techniques also allow to answer in many instances which states can be transformed into the reachable states. However, interestingly, it is now very intuitive to see that very few states are going to have the property of being reachable. Notice, that this is only the case for general states i h i |Ψ s if all but one of the {H i } commute with the local part of one symmetry S ∈ S Ψs , which is a very restrictive condition. Actually, in [23] we give the following corollary, whose proof we detail here.
Corollary 2. The set of n-qubit states (n > 3) which are reachable via a LOCC I N protocol is of measure zero.
Proof. As stated above, for n-qubit states of more than three parties our SLOCC classes are generic and, hence, Theorem 1 applies. In the Bloch representation picture the action of the SU(2) unitaries S
(i) ] = 0 can only hold if h i lies on the axis of the corresponding rotation (or is zero). Thus, since there are only finitely many symmetries, the sets of vectors {h i } fulfilling condition (i) in Theorem 1 are of measure zero in the Bloch ball. It just remains to take into account that two sets of vectors correspond to the same LU-equivalence class iff H ′ = S † HS for some S ∈ S Ψs . With this, one can easily see that condition (i) in Theorem 1 is fulfilled either in every LU-equivalent representation or in none. Thus, the generic sets of vectors that do not fulfill condition (i) cannot do so in another LU-equivalent representation.
Note again that all results in this paper obviously also apply to SLOCC classes whose stabilizer is trivial. Among states in these classes LOCC transformations are not possible at all. However, Corollary 2 shows that almost no n-qubit state is reachable via LOCC I N independently of whether their stabilizer is trivial or not [34] . Moreover, this result applies also to all SLOCC families (generic or not) of multipartite states of arbitrary dimension with a non-trivial finite stabilizer, which are clearly the only a priori relevant classes with a finite stabilizer in this context. Using the same arguments as in the proof of Corollary 2, it is straightforward to see that the set of states which are reachable in a given non-trivial SLOCC class is of measure zero there. In particular, whenever our considered SLOCC classes are generic (e.g. 3-qutrit states) we have that almost no state of the given number of parties and local dimensions is reachable in the full set of states.
It might be illuminating to compare the result of Corollary 2 to the generic 3-qubit case (GHZ SLOCC class), where almost every state is reachable by an LOCC I N protocol [15, 17] . Actually, in this case it can be seen that it is sufficient to consider the protocols used in the proof of Theorem 1 by just considering a finite subset of unitary symmetriesS GHZ of the full non-finite (and not even compact) [35] stabilizer S GHZ . However, states are generically reachable in this case because one can always find a non-unitary symmetry S ∈ S GHZ such that almost every LU-equivalence class can be put in a form such that S † HS fulfills the commutation relations of the conditions of Theorem 1 with some unitary symmetry iñ S GHZ .
It is also interesting to compare the power of LOCC I N as given by Theorem 1 with that of SEP. Without using the fact that LOCC I N ⊂ SEP, it should be clear that the conditions of Theorem 1 are sufficient for SEP convertibility since in this case the states g |Ψ s and h |Ψ s with
for some p ∈ (0, 1) clearly satisfy the condition of Eq. (8). However, one might question whether these conditions are also sufficient for SEP. It turns out that for a large number of SLOCC classes this is indeed the case [17, 19] , and we then have in these cases that the set of reachable states is the same under LOCC I N , LOCC and SEP. However, this is not always the case for every SLOCC class and this is what has allowed to prove in [20] that there exist SEP transformations among pure states which are not achievable by LOCC (even if infinitely many rounds of communication are considered) in the case of 3-qutrit states. Here, we use Theorem 1 to provide a different example of a state conversion that is possible by SEP but not by LOCC I N (it remains unclear whether it is possible by LOCC or not). For this example we use the 4-qubit L-state SLOCC class. This family will be considered in different sections throughout this paper and, therefore, we summarize its properties in the following subsection besides providing the aforementioned result. The L state is a 4-qubit state given by
where we use the standard 2-qubit Bell basis
This state was considered in [27] , where it was noticed that it has interesting properties: it maximizes among 4-qubit states the average entanglement across bipartitions for several general bipartite entanglement measures. Remarkably, the L state and its corresponding SLOCC class also show a very interesting behaviour under multipartite entanglement manipulation. Its local stabilizer is simple but at the same time rich enough so that this class seems to be the perfect candidate to seek for out-of-the-ordinary features that break the general rule [19] . As mentioned above, we use this class here to provide examples of SEP transformations that cannot be implemented by LOCC I N but we consider it again in Secs. IV C and VII to show other peculiarities of multipartite LOCC manipulation.
The stabilizer of the L state is given by 12 elements [19] ,
where U = exp(i π
That is, conjugation by U amounts to a cyclic permutation of the entries of the Bloch vector, or, in other words, it corresponds to a rotation of 2π/3 around the axis given by (1, 1, 1). Similar considerations apply to U 2 = −U † . Here and in Sec. V we use the twirling operation. Given a finite unitary group S = {S k } it is defined by
It is straightforward to verify that T S (H) = H iff [H, S k ] = 0 ∀k and its kernel is given by the orthogonal complement of the commutant of S. Inspired by the construction of [20] , it is a simple exercise to see that
whenever h 1 ·h 2 = 0. By virtue of Eq. (8), this shows that |L can be transformed by SEP into any state h 1 ⊗ h 2 ⊗ 1l ⊗ 1l|L whose Bloch vectors fulfill the above condition. However, if we choose h 1 and h 2 so that they do not point in the X, Y or Z direction nor have all their entries equal up to sign, which is certainly possible, we have then that
⊗4 ). Therefore, the conditions of Theorem 1 are not met and all such states are not reachable by LOCC I N from any other state in the L-state class despite being so by SEP from |L [36] .
B. Convertible states
In the companion paper [23] we have also discussed which states could then be converted to the characterized set of reachable states. Interestingly, in the proof of sufficiency for Theorem 1 we have shown in [23] that every reachable state can be obtained from some other state by a very simple protocol: LOCC j . This is the set of LOCC protocols which consist of only one round of classical communication and in which only party j acts non-unitarily (i.e. in Eq. (3) m = 1 and s = j). LOCC j maps are then the building blocks of all-det-LOCC I N protocols, that we have referred to in the introduction. The latter can be defined as those LOCC I N protocols that can be obtained as a concatenation of a finite number of LOCC j maps in which in every step the non-unitary party j can be different. We stress here again that all LOCC transformations among pure states determined so far belong to this class of protocols. It is thus a very natural question to ask which states are convertible via LOCC j for some party j as, together with Theorem 1, this then characterizes all states which can occur in alldet-LOCC I N transformations. This is the subject of the following lemma that we have outlined in [23] and whose full proof we present for the sake of readability in Appendix A. Without loss of generality we consider LOCC 1 .
Lemma 3.
for any S ∈ S Ψs fulfilling (i).
Note that the second condition in (ii) ensures that trivial transformations are excluded. A state g |Ψ s fulfilling the premises of Lemma 3 can be transformed by LOCC 1 into h 1 ⊗ g 2 ⊗ . . . ⊗ g n |Ψ by party 1 performing the POVM with measurement operators
(which satisfies k A † k A k = 1l due to condition (ii)). After this measurement, the parties hold the states h 1 S (1) k ⊗ g 2 ⊗ · · · ⊗ g n |Ψ s depending on the outcome k. Upon reception of the measurement outcome through the classical channel, each party i = 1 applies the unitary U
k , which has to exist due to condition (i). Since S k |Ψ s = |Ψ s , we obtain then the desired state in any branch of the protocol. Iterating LOCC j steps we obtain all possible all-det-LOCC I N protocols. However, this process is very restricted. If party 1 has used the above POVM, then all parties different from 1 have to fulfill condition (i) in Lemma 3 for the corresponding symmetries. If an LOCC 2 protocol was to be implemented subsequently, new symmetries must be found that commute as well with the operators G i for i > 2 (and also with H 1 ). This is a very strong constraint. Notice, for example, that in the case of qubits the only positive operator that commutes with two different non-commuting unitaries is the identity. Being the set of reachable states very restricted as well, it emerges as a reasonable conjecture that naturally extends the bipartite case whether all-det-LOCC I N protocols are sufficient for all possible LOCC transformations in the SLOCC classes we consider. Theorem 1 and Lemma 3 allow to characterize all states taking part in these transformations and this would make the investigation of LOCC I N protocols fully feasible. In fact, in Sec. V we use Lemma 3 to determine those states which are not reachable by LOCC I N but convertible by all-det-LOCC I N protocols. We discuss therein the connection of this clearly relevant class of states with the MES of states (see below for the definition) and show moreover that entanglement measures can be estimated. In Sec. VI we construct an SLOCC class for an arbitrary number of parties with non-trivial finite stabilizer where we show that all LOCC transformations are indeed achievable by all-deterministic transformations. However, as we have shown with a particular example in [23] , it turns out that this is in general not true. In Sec. VII we discuss in more detail constructions of transformations that can be implemented by LOCC I N but which require an intermediate probabilistic step. Before all that, we conclude this section by discussing an interesting effect that we outlined in [23] .
C. Unlocking and locking the power of other parties
As we have discussed above, in an all-det-LOCC I N protocol the implementation of an LOCC j step puts strong constraints on the subsequent LOCC i steps that might be carried out by some party i. It can actually happen that a state that is convertible by LOCC j by any party is no longer convertible by any other party once one party acts. We call this effect locking the power of other parties. It occurs for instance in any SLOCC class with a stabilizer such that S (j) = 1l ∀j whenever S = 1l. A simple example is given by considering a state |Ψ s with S Ψs = {σ
. This state is clearly convertible by LOCC j for any party j (see Lemma 3). However, if party 1, acts first so that we obtain the state h 1 ⊗ 1l |Ψ s such that [H 1 , S
(1) ] = 0 for every non-trivial S ∈ S Ψs , then the state is no longer convertible by LOCC j for j = 1 [see Fig. 1 (a) ]. Perhaps more interestingly, the opposite effect, namely that one party can enable another party to implement a deterministic transformation, can take place as well. We termed this effect unlocking the power of the others. In this case, we consider two different parties j and k. Then, we could have a starting state which is not LOCC k -convertible, but for which party j might execute an LOCC j transformation in such a way that the output state is now LOCC k -convertible. We have observed that this effect exists in the L-state family (cf. Sec. IV A 1). In particular, an example is given by considering a state g 1 ⊗ 1l
⊗3 |L , where g 1 = ((2p − 1)x, (2p − 1)x, x). The parameters x and p are chosen such that the following two conditions are fulfilled: with k > 1. Condition (ii) ensures that G 1 is positive and that the operators
where
If party 1 implements this measurement and all other parties apply for the first (second) measurement outcome the identity (σ 3 ), respectively, the state g 1 ⊗ 1l
⊗3 |L is transformed deterministically into the state h 1 ⊗ 1l ⊗3 |L . Note that H 1 (and h 1 ) commute now with U . Hence, once this LOCC 1 protocol is applied, any of the other parties can apply a LOCC using the symmetry U [see Fig. 1 (b) ]. A similar effect is presented in [28] in order to show that entanglement of assistance is not an entanglement measure.
In contrast to locking the power of others the effect that an LOCC j protocol can transform a state which is not LOCC k -convertible into a LOCC k -convertible one can only occur if the stabilizer of the considered SLOCC class has a particular structure. The following lemma identifies classes where it is certainly not possible to unlock any power. For example, generic 4-qubit states and generic 3-qutrit states fall into this category.
Lemma 4.
If |Ψ s is such that S i S j ∝ S j S i ∀S i , S j ∈ S Ψ , then unlocking the power of others is impossible.
Proof. For this to be true, it suffices to prove that there does not exist a positive operator H such that [H, S] = 0 and [ i p i S † i HS i , S] = 0, for any probability distribution p i . Using that S i S = e iφ SS i [37] it is straightforward to see that [H, S] = 0 implies that [ i p i S † i HS i , S] = 0 for any p i . Hence, any symmetry which can be used by the other parties after this transformation can already be used before this transformation.
V. MAXIMALLY ENTANGLED SET UNDER LOCC I N AND ESTIMATION OF ENTANGLEMENT MEASURES
An interesting consequence of the characterization of LOCC transformations among bipartite pure states [13] is that it firmly establishes the state in is the most useful in all bipartite applications such as teleportation. It is then natural to look for states with similar properties in the multipartite regime. However, in general there exists no state with the above stated property when one considers I C d1 ⊗ . . . ⊗ I C dn with n > 2. Therefore, in [17] some of us have introduced the notion of the maximally entangled set (MES) in I C d1 ⊗ . . . ⊗ I C dn . This is the minimal set of states that allows to reach by LOCC any other truly npartite entangled pure state in that Hilbert space (or in a restricted SLOCC class). Thus, all states in the MES are not reachable by LOCC (from states of the same dimensionality and number of parties) and any reachable state can be obtained by at least one state in the MES. Stated differently (but perhaps less intuitively) the MES is the set of truly n-partite entangled pure states that are not reachable by any other state. Investigations on 4-qubit and 3-qutrit states showed that in these cases the MES is, in contrast to the 3-qubit case, of full-measure [17, 19, 20] . This is because almost all states are isolated, i.e. the states are indeed not reachable but they are also not convertible by LOCC. Isolated states are then useless in this context and the most interesting states correspond to convertible states in the MES. Note that, our investigations on LOCC I N do not allow us to identify the MES because non-reachable states in this scenario might be reachable by infinite-round LOCC. Nevertheless, the full MES must be a subset (not necessarily strict) of the MES under LOCC I N . Notice that this latter set is precisely characterized as those states that do not fulfill the conditions of Theorem 1. As explained above, we would like to identify convertible rather than isolated states. It would therefore be interesting to see which of the aforementioned states have this property. Using Lemma 3 one can easily characterize the states in the MES under LOCC I N which are convertible under all-det-LOCC I N protocols. Theorem 5. A state g |Ψ s is in the MES under the restriction to LOCC I N and is convertible via all-det-LOCC I N protocols iff (i) ∃S ∈ S Ψs such that [G, S] = 0 (S = 1l) and
Proof. Let us first show that these conditions are necessary. Since the states must be convertible by all-det-LOCC I N (and hence by LOCC j for some party j) but not reachable, they must fulfill the conditions of Lemma 3 and violate at least one of the conditions of Theorem 1. However, satisfying non-trivially condition (i) in Lemma 3 implies that condition (i) in Theorem 1 also holds for a symmetry which is not the identity. Therefore, the states must violate condition (ii) in Theorem 1. The conditions given in this theorem express this fact. It thus remains to see that the conditions are sufficient, i.e. whenever they hold, condition (ii) in Lemma 3 is satisfied non-trivially. For that, consider the symmetry S of condition (i) here, which must be different from the identity at least for one party. Take without loss of generality that S (1) = 1l and consider the twirling operation T under the group generated by 1l and S (1) (cf. Eq. (16)). We then have that
(1) ] = 0). With this T (H) = G 1 , which allows to fulfill condition (ii) in Lemma 3 non-trivially. It only remains to see that some X can be chosen so that H is a positive operator. However, this is clear from the fact that the set of positive operators is open. We can certainly choose X such that 0 < ||X − T (X)|| < ǫ. This implies that ||G 1 − H|| < ǫ and by choosing ǫ small enough the positiveness of G 1 guarantees that of H.
It is interesting to observe that the sufficiency part of the above proof works no matter which party j is to perform the measurement within the LOCC j step as long as the symmetry of condition (i) obeys S (j) = 1l. Thus, although it is in principle necessary for the states in the MES under LOCC I N that are convertible by alldet-LOCC I N to be convertible by LOCC j for just one party j, it turns out that they are convertible by LOCC j for any party j as long as there exists a symmetry fulfilling (i) such that S (j) = 1l. In fact, if S (j) = 1l ∀j and ∀S ∈ S Ψ (S = 1l), any symmetry which can be used by one party can be used by any other to perform a nontrivial transformation.
The investigation of LOCC protocols also plays a crucial role for the quantification of entanglement. Entanglement measures must be quantities that do not increase under LOCC transformations. Functionals that obey this rule can be constructed on pure mathematical grounds. However, they are often very hard to compute and/or to be provided with a clear operational meaning. In order to close this gap, in [18, 29] we introduced entanglement measures with a very clear operational meaning in terms of usefulness under LOCC manipulation and that can be computed whenever the possible LOCC transformations are characterized: the source and accessible entanglement. Given any pure state |Ψ [38] , we define its accessible set, M a (|Ψ ), as the set of states which are reachable by LOCC from |Ψ . Analogously, we define its source set, M s (|Ψ ) as the set of states which can reach |Ψ by LOCC. By considering some convenient measure µ in the set of LU-equivalence classes, we can then obtain the source volume V s (|Ψ ) = µ[M s (|Ψ )] and the accessible volume V a (|Ψ ) = µ[M a (|Ψ )] of a given state. The intuition behind these quantities is that the larger the accessible volume of a state is, the relatively more useful the state is and viceversa for the source volume. With this, the accessible entanglement and the source entanglement are defined by
) denote the supremum of the accessible (source) volume according to the measure µ so that the measures are normalized between 0 and 1 [39] . Notice that, by construction, these quantities are entanglement measures, i.e. they do not increase under LOCC transformations. Note that these ideas can be used to define not only two entanglement measures, but two classes of entanglement measures [18, 29] . To this end one does not only consider transformations among states within the same Hilbert space, but for instance measures the amount of n + 1-qubit states which can be transformed via LOCC into the n-qubit state of interest. Due to their operational meaning, all these measures are easily shown to be entanglement measures. Moreover, even if we consider in the following only the measures as described above, these results can also be applied to any other measure in these classes.
Since these quantities measure the relative usefulness of states, its computation can be restricted to a given SLOCC class (i.e. one can consider a measure µ supported only on a particular SLOCC class) [18, 29] . Nevertheless, its computation obviously relies on characterizing all possible LOCC transformations under the class of states of interest. Here, we have considered the particular class of LOCC protocols that can be implemented with finitely many rounds of classical communication LOCC I N . On the analogy to the above concept we can introduce the accessible and source set, volume and entanglement under LOCC I N for a given state |Ψ : N protocols and quantify the usefulness of states for protocols in this setting. However, it should be stressed that these quantities are not necessarily entanglement measures. This is because they might increase under LOCC if it turns out that there exist LOCC transformations among pure states which are not implementable with finitely many rounds of communication. To see this, take any LOCC I N non-related states |Ψ and |Φ such that
(|Φ ) and suppose that |Ψ could be converted to |Φ by an infinite-round LOCC protocol. A similar argument applies to E LOCC I N s . However, interestingly, these quantities can be used to bound the source and accessible volumes. Moreover, one can define analogous functionals under the constraint to all-det-LOCC I N protocols. The inclusion all-det-LOCC I N ⊂ LOCC I N ⊂ LOCC immediately yields
Thus, using the insights of Lemma 3 one can place nontrivial estimates for the source and accessible volumes via all-det-LOCC I N protocols. In particular, given any state g|Ψ s fulfilling the premises of Lemma 3 we see that any other state h 1 ⊗ g 2 ⊗ . . . ⊗ g n |Ψ can be reached by LOCC 1 whenever there exists a probability distribution {p k } such that
for all those symmetries
Once the symmetries and states are specified it is then not difficult to determine all such states are known, one can easily bound the corresponding (normalized) entanglement measures E a (lower bound) and E s (upper bound). In particular, V sup s is always given by the whole volume, as it is the source volume of a product state to which any state can be transformed to. In case these quantities are unknown, one can nevertheless compare states with each other using the unnormalized quantities V a and V s .
VI. EXAMPLES OF SLOCC CLASSES WHERE ALL-DET-LOCC I N PROTOCOLS ARE SUFFICIENT
In this section we show that for any SLOCC class of n-qubit states, whose representative has the stabilizer {σ
it holds that LOCC I N coincides with all-det-LOCC I N . In fact, it can be easily shown that for the here considered SLOCC classes we have
for pure state transformations. Given the fact that the LOCC transformations can be easily characterized in this case, this implies first that the entanglement measures introduced in [29] and discussed in the previous section can be easily computed. Moreover, it becomes easier to introduce new entanglement measures for pure states for these SLOCC classes, as any function which is non-increasing under all-det-LOCC I N is a valid entanglement measure (for these SLOCC classes). That is, it is only necessary to show that the function is non-increasing under LOCC j for any party j. In particular, the classical communication among the parties does not need to be taken into account, which simplifies the investigation enormously [40] . It should be noted here that there exists no bipartite or three qubit state with only these symmetries. However, we are going to construct here explicit examples of 2 m -qubit states (m ≥ 2) whose stabilizer we prove to be {σ
. Let us now show that for any SLOCC class, whose representative, |Ψ s , has the stabilizer {σ
N . In order to do so, we use the characterization of all separable transformations among states in the 4-qubit generic SLOCC classes [17, 18] (whose stabilizer is {σ
). It has been shown in [17] that the only states which are reachable via SEP are (up to permutations of the particles) of the
w |Ψ , with w ∈ {x, y, z} and
Here, h w ∝ 1l + ασ w with α ∈ I R. Notice that this coincides with the set of reachable states by all-det-LOCC I N (and LOCC I N ) as given by Theorem 1 here using that in this case S Ψs = {σ
. This result has been derived by considering Eq. (8) and noticing that this equation can only hold if all but one operator H i commute with at least one symmetry. Moreover, in [18] we characterized all possible separable transformations among states in a generic SLOCC class of four qubits. Furthermore, we showed there that all these transformations can be realized via a all-det-LOCC I N protocol by explicitly presenting the protocol. The characterization of the possible separable transformations as well as the corresponding all-det-LOCC I N transformations can be straightforwardly generalized to an arbitrary number of qubits. The reason is that if Eq. (8) has to hold now for n > 4 qubits, by tracing out here any n − 4 parties we recover the same condition as in the case n = 4 for any group of four parties. Thus, the convertible and reachable states are such that at least three local operators must commute with the same σ i for any group of four parties. Hence, all theses results generalize to the cases where more than four qubits are considered. As a result we have that for the here considered SLOCC classes any separable pure state transformations can be realized with an all-det-LOCC I N transformation and therefore, in particular any LOCC and LOCC I N transformation can be realized with such a simple protocol.
Let us now present a class of 2 m -qubit states, with m ≥ 2, whose stabilizer we show to be {σ
in Appendix B. In order to do so we use the following notation. We call a four-qubit seed state of the form
generic, if the normalized complex vector α = (α 0 , α 1 , α 2 , α 3 ) ∈ I C 4 is such that the stabilizer of the state is S ψ2( α) = {σ ⊗4 i }. As shown in [19] this is the case if α 2 i = α 2 j for i = j and if there exists no q ∈ C \ {1} that yields {α
. We label the qubits of a n-qubit state by indices 0, . . . , n − 1 and denote by U i,j the operator that permutes subsystems i and j. Using this notation we state the following lemma.
Lemma 6. For almost all normalized α ∈ I C 4 the stabilizer of the recursively defined 2 m -qubit state
. We suspend the proof of this lemma to the appendix for the sake of readability [41] . It is however worthwhile to look at how |ψ m ( α) can be created from states of fewer qubits (see also Fig. 2 ) [42] . The proof of Lemma 6 fundamentally depends on this construction.
If we want to construct the state |ψ m ( α) we can start by entangling two copies of |ψ 2 ( α) via the operator 1/2(1l + U 0,4 ), which projects onto the symmetric subspace of particles zero and four, to obtain |ψ
⊗2 . Then, two copies of the resulting state are entangled via 1/2(1l + U 0,8 ) to obtain the 16-qubit state
That is, the 16-qubit state can also be created by entangling four copies of |ψ 2 ( α) with operators 1/2(1l + U i,j ) given in Eq. (26) . Continuing with this procedure we eventually obtain the desired 2 m -qubit state and see that it can also be expressed as
Here, K(m, 2) denotes the operator that includes all entangling operators of the form 1/2(1l + U i,j ) that are needed to generate |ψ m ( α) from 2 m−2 copies of |ψ 2 ( α) (see Fig. 2 ), e.g. K(4, 2) = 1/8(1l + U 0,8 )(1l + U 8,12 )(1l + U 0,4 ). Analogously, we could have started with 2 m−k copies of the state |ψ k ( α) , with 2 ≤ k < m, as elementary building blocks and entangled them to obtain the desired state. That is, we can express the final state as
e.g. K(4, 3) = 1/2(1l + U 0,8 ). This is also illustrated in Fig. 2 . It is easy to see that K(m, k) acts nontrivially only on qubits with index 2 k · l, for l ∈ {0, . . . , 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29 U0,4) is the product of all operators 1/2(1 l + Ui,j ) that appear inside the region with dotted boundary. Note that the nesting of the bows corresponds to the order in which the operators associated to these bows have to be applied to the copies of |ψ2( α) , e.g. the operators corresponding to the innermost bows have to be applied first. An analogous statement holds for the operator K(5, 2), which is the product of all operators 1/2(1 l + Ui,j) that appear in the region with dashed boundary. One easily sees that in each copy of |ψ2( α) the first qubit is singled out as it is the only one on which a non-trivial operation acts.
holds. One may verify that K(m, k) is the product of 2 m−k − 1 projectors onto the symmetric subspace of two qubits (see also Fig. 2 ).
As shown before, all LOCC I N transformations in the SLOCC class of a quantum state |ψ m ( α) as described in Lemma 6 can be accomplished via deterministic steps. In combination with our characterization of all-det-LOCC I N reachable and convertible states we moreover obtain a characterization of all LOCC I N transformations in these classes. In the next section we show, in contrast to these SLOCC classes, that there exist SLOCC classes for which certain LOCC I N transformations require a probabilistic step.
VII. ALL-DET-LOCC I N PROTOCOLS ARE NOT SUFFICIENT FOR LOCC I N PURE-STATE TRANSFORMATIONS
Leaving aside the bipartite and the three-qubit case, all previous investigations on the subject and the results obtained here indicate that the possibility to transform a pure state by deterministic LOCC into an LUinequivalent one is very rare. The conditions required on the states for such a protocol to be possible are so stringent that they are almost never met. However, when this is indeed the case it turns out in all cases studied so far that all these constraints only leave room to relatively simple LOCC protocols. To our knowledge, all instances known so far of LOCC transformations in the multipartite case (including the bipartite setting) can always be realized by all-det-LOCC I N protocols. This might had lead to conjecture that this is always the case. However, we have considered a particular example in [23] that shows that this is not the case. There exist LOCC I N transformations among pure states that require more elaborate LOCC protocols which include nondeterministic intermediate steps. On the one hand, this shows that the rich structure of LOCC maps can be exploited to devise more sophisticated protocols that allow for otherwise impossible transformations. On the other hand, this leaves little hope to have a general characterization of LOCC I N convertible states. Although in many SLOCC classes all-det-LOCC I N transformations are the only possible protocols for pure-state transformation and convertible states are therefore characterized by Lemma 3, there exist other families in which this is not the case.
In this section we discuss a general construction that allows to obtain such examples and that we used to provide the particular instance presented in [23] . Not surprisingly, the SLOCC class used to find this nonconventional behaviour is again the L-state family, which we have considered in Sec. IV A 1. We focus on states of the form g 1 ⊗ g 2 ⊗ 1l ⊗ 1l|L and hence denote them by {g 1 , g 2 }, {G 1 , G 2 } or {g 1 , g 2 }. In order to obtain the desired examples, we provide a protocol that implements the transformation {g 1 , g 2 } → {h 1 , h 2 } by choosing an initial state such that
Thus, Lemma 3 guarantees that the initial state cannot be converted by an LOCC j protocol ∀j. Hence, {g 1 , g 2 } is not convertible to any other state by all-det-LOCC I N and any deterministic transformation starting from this state necessarily requires intermediate non-deterministic steps. The protocol has two steps. First, party 1 implements a two-outcome POVM that leads to the intermediate states {h 1 , g 2 } and {h 1 σ 3 , g 2 }. The lack of symmetry of G 2 guarantees that the two outputs are LUinequivalent. The idea now is that both H 1 and σ 3 H 1 σ 3 fulfill the premises of Lemma 3 so that an unlocking effect takes place and each intermediate state can now be transformed by LOCC 2 into the same state {h 1 , h 2 }. For this to be possible we choose
This means that all entries of h 1 are equal, i.e. h 1 = (x, x, x), for some x ∈ I R. In order to achieve the desired action, the initial POVM is taken with elements
and
1 . This is a valid measurement only if
It should be clear then that both conditions (28) and (29) can be met by choosing properly the parameters (g 1 must have its first two components equal). It only remains to find LOCC 2 transformations to map both {h 1 , g 2 } and {h 1 σ 3 , g 2 } ≃ LU {h 1 , g 2 σ 3 } into the same final state {h 1 , h 2 }. For this, party 2 in each case can use a POVM with at most three elements:
for the branch corresponding to {h 1 , g 2 } and
for the branch corresponding to {h 1 , g 2 σ 3 }. Here we have used that U 2 = −U † and that the used symmetry has to commute with H 1 now. Normalization requires then probability distributions {q i } and {q i } such that
If we denote g 2 = (g x , g y , g z ) and h 2 = (h x , h y , h z ), this amounts to both (g x , g y , g z ) and (−g x , −g y , g z ) belonging to the polytope generated by the convex hull of the points (h x , h y , h z ), (h z , h x , h y ) and (h y , h z , h x ). It is straightforward to verify that this polytope is contained in the plane x + y + z = h x + h y + h z . Finally, if we choose then h x + h y + h z = 0 and the origin is contained in the polytope, it will then include points both of the form (g x , −g x , 0) and (−g x , g x , 0) achieving the desired condition.
The particular instance of the above construction we have used to give the example of [23] is the transformation
where x = 0 is any real number small enough such that all the above vectors lead to positive operators (i.e. their norm is strictly smaller than 1/2). This transformation can be implemented by LOCC following the protocol explained above by choosing p = 3/4, q = (1/3, 0, 2/3) and q = (1/3, 2/3, 0) (for any allowed value of x). However, it should be clear from the above discussion that other instances can be found.
VIII. CONCLUSIONS
Together with the companion paper [23] , we have considered transformations among pure n-partite states which can be realized with LOCC I N . Considering a large set of SLOCC classes we have provided a very simple characterization of all reachable states by LOCC I N and have characterized as well the convertible states under all-det-LOCC I N protocols. Due to our characterization of all-det-LOCC I N convertibility and that previously known LOCC transformations fall, up to our knowledge, into this category which is a natural generalization of bipartite transformations, we addressed the questions whether all LOCC I N are realizable via a protocol which is deterministic in each step. We show that this is not the case by providing the general tools to construct examples of pairs of states, where the initial state can only be transformed into the final state if a probabilistic step is involved. Moreover, we identified SLOCC classes of arbitrary many qubits for which any separable pure state transformation can be realized by LOCC via an all-det-LOCC I N protocol and provided explicit examples of 2 mqubit states belonging to these SLOCC classes.
Taking into account the results on LOCC transformations (including infinitely many rounds) the following picture emerges. Due to the strong constraints on possible pure state transformations via LOCC the convertibility properties of multipartite states can be characterized to a large extent of generality. These constraints are already imposed by convertibility under the larger class of separable operations [21] , even though not all separable pure state transformations can be realized via LOCC [20] . This highlights one of the differences between bipartite and multipartite entanglement manipulation. As we show here, considering a physically meaningful subset of LOCC, namely LOCC I N , reveals again a very clear difference between the bipartite and multipartite case. This is due to the fact that considering a reasonable generalization of protocols realizing bipartite state transformations, that allows to focus on relatively simple protocols (all-det-LOCC I N ), is not sufficient to capture all possible state transformations in the multipartite case. Hence, while in the bipartite case we have that all-det-LOCC I N = LOCC I N = LOCC = SEP , in the multipartite case we have all-det-LOCC I N LOCC I N and LOCC SEP . It remains open for future study whether infinite-round LOCC can provide an advantage over LOCC I N , i.e. whether LOCC I N = LOCC holds for pure state transformations. Furthermore, the consideration of the differences and similarities between maps which can/cannot be implemented via all-det-LOCC I N and the multicopy case would be very interesting. Moreover, the detailed investigation of the power of states which play a dominant role in quantum information theory and/or condensed matter physics, such as matrix product states [30] and projected entangled pairs states [31] would be very intriguing.
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the left-hand-side of Eq. (B7) can be easily evaluated to obtain (Y k ⊗ Y −1 k )(|φ i 0 |φ j 1 + |φ j 0 |φ i 1 ) ∝ (|φ i 0 |φ j 1 + |φ j 0 |φ i 1 ), i, j ∈ {0, 1}.
We hence obtain Y k |φ i = λ i |φ i for i = 0, 1 and some λ i = 0. For i = j we subsequently get λ 0 = λ 1 = λ = 0. Using these relations we obtain the following eigenvalue equation,
Recall that the requirement of the Observation is that |ψ k ( α) , for 2 ≤ k < m, has only symmetries of the form {σ For k = 2 we see from Eq. (B10) that S (1) = S (5) = S 1 , S (2) = S (6) = S 2 and S (3) = S (7) = S 3 for some invertible operators S 1 , S 2 and S 3 . For k = 3 it is then easy to see that also S (9) = S (13) = S 1 , S (10) = S (14) = S 2 and S (11) = S (15) = S 3 , etc. Hence, we obtain S (4l+1) = S 1 , S (4l+2) = S 2 and S (4l+3) = S 3 for all l ∈ {0, ..., 2 m−2 − 1}, which proves the observation.
Before we state the second observation needed in the proof of Lemma 6 we define for |ψ ∈ (I C 2 ) ⊗4 the maps α → λ i ( α), s.t.
are well-defined for i = 1, 2, 3. Using the notation (λ i • λ j )( α) = λ i (λ j ( α)) we can state the next observation, which implies that certain projections of |ψ m+1 ( α) onto singlet states lead to a state |ψ m ( γ) which is constructed from a generic four-qubit state |ψ 2 ( γ) , even if this procedure is applied recursively.
Observation 8. For almost all normalized α ∈ I C 4 , any integer N and any k = (k 1 , . . . , k N ) ∈ {1, 2, 3}
N it holds that S ψ2(( N i=1 λ k i )( α)) = {σ for i = 1, 2, 3. It has been shown in [19] that the stabilizer of the states in P is {σ
, which proves the observation for N = 1. It is easy to show that P ⊂ Λ i (P) and that Λ i maps almost all elements of P (up to normalization) to an element of P , for i = 1, 2, 3. Hence, the state ψ 2 (( N i=1 λ ki )( α)) ∝ ( N i=2 Λ ki )(ψ 2 (λ k1 ( α))) is, for almost every normalized α ∈ I C 4 , an element of P with a stabilizer of the form {σ We can now use these observations to prove Lemma 6, which we state here again. Proof. We prove the lemma by induction over m.
That is, we first show that it is correct for m = 3, i.e. S ψ3( α) = {σ
, and then we show that S ψm+1( α) = {σ
for almost all normalized α ∈ I C 4 and for all 2 ≤ k < m + 1.
Let us first show that the lemma is correct for m = 3. Using that S ψ2( α) = {σ ⊗4 i }
